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Abstract: A module is called nilpotent-coinvariant if it is invariant under
any nilpotent endomorphism of its projective cover. Some properties of this class
of these modules were investigated by Truong Cong Quynh, Adel Abyzov, Dinh
Duc Tai [8]. In this paper, we continue to study nilpotent-coinvariant modules
over general covers.

Keywords: Nilpotent-coinvariant; projective cover; X-(pre)cover.

1 Introduction

Throughout this article, all rings are associative rings with identity and all modules
are right unital. For a submodule N of M, we use N < M (N < M) to mean that N is
a submodule of M (respectively, proper submodule). We usually write End(M) (Aut(M))
to indicate its ring of right R—module endomorphisms (respectively, automorphism). A
submodule N of a module M is called small in M (denoted as N < M) if N + K # M for
any proper submodule K of M.

Let X be a class of R-modules closed under isomorphisms. An R-homomorphism p :
X — M is an X-precover of a module M provided that X € X and each diagram

X L2 M

A4
'..oz {
o

with X’ € X can be completed by a homomorphism « : X’ — X to a commutative diagram.
If, moreover, the diagram

X 2+ M

>,
'.'a {
X

can be only completed by automorphisms «, we call X an X-cover of M.

In [3], Guil Asensio, Keskin and Srivastava introduced the notion of X-automorphism-
coinvariant modules. It shows that the endomorphism ring of an X-automorphism-coinvariant
module is a semiregular ring. Some other properties of X-automorphism-coinvariant mod-
ules are studied.
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A right R—module M having an X' —cover p : X — M is said to be X —endomorphism-
coinvariant (X — automorphism-coinvariant) if for any endomorphism (resp., automorphism)
g of X, there exists an endomorphism f of M such that fop=pog.

X J4.4x

Pl
M— M

In this paper, we introduce the notion of X-nilpotent-coinvariant modules with accompa-
nying conditions and study some properties of them. It shows that if M is an X —nilpotent-
coinvariant strongly X' —copure module then M a D3-module.

2 On X-nilpotent-coinvariant

Theorem 2.1. Ifp: X — M andp' : X' — M are two X —covers of a right R—module M
then X' = X.

Proof. By Theorem 1.2.6 in [4]. O

Theorem 2.2. Let M = M1 & My ® - - - M, be a direct sum of submodules M; of M and
let p; + X; — M; be X—covers of M;. Then, ®p; : X; — M is an X —cover of M.

Proof. By Theorem 1.2.10 in [4]. O

Definition 2.3. A right R—module M having an X' —cover p : X — M is said to be
X —nilpotent-coinvariant if for any nilpotent endomorphism ¢ of X, there exists an endo-
morphism f of M such that fop=pog.

x4 x

p p
f

From the definitions of endomorphism (automorphism-coinvariant)-coinvariant modules,
we have the following:
X —endomorphism-coinvariant = X —automorphism-coinvariant=- X —nilpotent-coinvariant

Theorem 2.4. Let M be a right R—module with an epimorphic X—cover p : X — M.
Then M is X—nilpotent-coinvariant if and only if g(ker(p)) < ker(p) for any nilpotent
endomorphism g of X.

Proof. (=) Assume that M is X' —nilpotent-coinvariant. Then, for any nilpotent endomor-
phism ¢ of X, there exists an endomorphism f of M such that po g = f o p. Hence,

(p o g)(ker(p))=f(p(ker(p))) = 0, and so g(ker(p)) < ker(p).
(<) We consider the following homomorphism: ¢ : X/ker(p) — M, ¢(x + ker(p)) =

p(x) + ker(p). It is easy to see that ¢ is well-defined. Since p is an epimorphism, ¢ is an
isomorphism and we have ¢ o m = p, where 7 is the canonical projection.
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X —r vwm

P

X/ker(p)

Let g be an arbitrary nilpotent endomorphism of X. Consider h : X/ker(p) — X/ker(p), h(x+
ker(p)) = g(x) + ker(p). Since g(ker(p)) < ker(p), then h is well-defined. It is clear that we
have mog=hom.

X —9 X

iy [

X/ker(p) SN X/ker(p)

Take f = php~! € End(M). We have that ¢ : X/ker(p) — M is an isomorphism and
obtain that the following diagram is commutative

X/ker(p) SN X/ker(p)

% %
M—t s m

Now, we have pog = pomog =gpohom = fopom = fop. We deduce that M is
X —nilpotent-coinvariant. ]

Definition 2.5. Let M, N be modules. We will say that NV is X — M —projective if there
exist X'—covers py : Xy — N, py : Xy — M satisfying that for any homomorphism
g : Xy — Xy, there is a homomorphism f : N — M such that pasg = fpn:

XNL>XM

le lpM
N— s um

If M is X — M —projective, then M is said to be an X' —endomorphism coinvariant module.

Theorem 2.6. Let X be a covering class. If N is X — M—projective, then N' is X —
M'—projective for any direct summand N’ of N and any direct summand M’ of M.

Proof. Let N =N'"@® K, M = M' @& L for some submodules K of N and L of M. We have
Xy =Xn ® X is X—cover of N and Xy = X ® X, is X—cover of M. Let o : Xpnv —
X be any homomorphism. Let 7 : X & Xxg — Xy be the canonical projection and
i: Xy — Xy @ X be the inclusion map. Set g = iam : Xy D X — Xy @ X . Since
N is X — M — projective, there exists a homomorphism f: N — M such that

fo(pn @ pK) = (pmr DpL)og.
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XNL>XM

J/p]\}'/ 55/7¢ L’UM/ L

N L

It follows that f opys = parr o g. Let mp : M’ & L — M’ be the canonical projection and
iy : N' — N’ @ K be the inclusion map. Let ¢/ = mppr 0 foin : N' — M’, then we can
check that ¢’ o py» = pur 0 au.

XN’ L} XM’

\LPN’ J/PM’

/

N —%— M’
We deduce that N is X — M'—projective. O

Corollary 2.7. If N is an X — M —projective module and L is a direct summand of M,
then N is an X — L—projective module.

Corollary 2.8. Every direct summand of an X — M —projective module is also an X —
M —projective module.

Corollary 2.9. Any direct summand of an X —endomorphism-coinvariant module is X —endomorphism
cotnvariant.

Lemma 2.10. Let M = M, & My be an X —nilpotent-coinvariant module. Then M is
X — My—projective.

Proof. Let p1 : X1 — Miy;ps @ Xo — My be X'—covers of My, Ms, respectively. Thus,
p=pDPps: X = X1 P Xo = M is an X—cover of M. For any homomorphism g :
X1 — Xo,9: X — X with g(z; + x2) = g(z1) is a nilpotent endomorphism of X. Since
X is an X —nilpotent-coinvariant module, there exists h : M — M such that pg = hp.
Let f = mohiy, where mo : M — Ms is the canonical projection and i1 : My — M is the
inclusion map, then we have fp; = pag

X1L>X2

|m P

M1 — M2
Therefore, My is X — My—projective. ]

Corollary 2.11. Assume that M = My & M. If M is X —endomorphism coinvariant, then
My is X — Ms—projective and Mo is X — My —projective.

The two right R—modules M; and My are mutually X —projective provided that M; is
X — My—projective and Ms is X — M;—projective.
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Definition 2.12. A module M is called a strongly X —copure module if every submodule
A of M and any homomorphism f : X — M/A, X € &, f lifts to a homomorphism
g: X > M, ie,pog=f.

M —2 5 M/A
|
Xex

A module M is called a D3-module if for two direct summands A and B of M with
A+ B =M, then AN B is a direct summand of M.

Theorem 2.13. Let X be a covering class and M be an X —nilpotent-coinvariant module.
If M is a strongly X —copure module, then M a D3-module.

Proof. Let A, B be direct summnands of M such that A+ B = M. Let M = A® A’ and
p:A— M/B,pla)=a+B;p : A= M/B,p'(d/) =a'+B. Let pg: Xa — A;pa : Xa —
A’ be X—covers of A, A', respectively. Since M is a strongly X —copure module, A is also.
It follows that pps : X4 — M/B is a precover of M/B. There exists a homomorphism
o X — X4 such that ppaa = p'par

X4 —24 s M/B

PPy

XA/

By Lemma 2.10, there exists a homomorphism f : A" — A such that psa = fpas. Therefore,
ppac = pfpar = p'par. As par is an epimorphism, pf = p'. For all a’ € A’, we have

(pf —p')(d) =pf(d)—p'(d) = f(a')—d + B=0.
It follows that (1 — f)(A’) < B. Now, for all m € M, we have
m=a+ad =a+f(d)+(1-f)a)

Therefore M = A+ (1 — f)(A"). Forallz € An(1— f)(A4"),z € (1— f)(A’), and so there
exists 2’ € A’ such that x = 2’ — f(2/). Then, 2/ = 2 + f(2’) € A, and so 2/ = 0. It follows
that 2 = 0. Hence M = A® (1 — f)(A"). We have

B=BNnM=Bn[Ad(1-f)(A)=AnBa (- f)(4)

Thus, AN B is a direct summand of B, and therefore it is a direct summand of M. It means
that M is a D3-module. O

In [2], a right R—module M is X —idempotent-coinvariant provided that there exists an
X —cover p : X — M such that for every idempotent g € End(X), there is an endomorphism
f+ M — M such that the diagram commutes:
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A right R—module M is an X —lifting module provided that there is an X —cover p : X —
M of M such that for every idempotent g € End(X), there is an idempotent f : M — M
such that g(X) + ker(p) = p~1(f(M)) (see [2]).

A ring R is called nil-clean if any x € R can write the form x = e+n for some idempotent
e € R and nilpotent n € R.

Theorem 2.14. Let M be an X —lifting module and let p : X — M be an epimorphism
X —cover with superfluous kernel. Assume that End(X) is a nil-clean ring. If M is an
X —nilpotent-coinvariant module then M is an X —endomorphism-coinvariant module.

Proof. Let g be any endomorphism of X. By the definition of nil-clean rings, we have g =
e +u where e is an idempotent endomorphism of X and w is nilpotent endomorphism of X.
Since M be an X —nilpotent-coinvariant module, there exists a homomorphism f : M — M
such that pu = hp.

On the other hand, since M is an X'—lifting module, A = p(e(X)) and B = p((1 —e)(X))
are direct summands of M and A+ B = M. By Theorem 2.13, AN B is direct summands
of M. We write M = (AN B) @ C for some submodule C of M. Take A’ = AnC < A.
Then, we have A’ @ B = M. For every x € X, since p is epimorphic, there exists x1, 22 € X
such that

p(z) = pe(z1) + p(1 — e)(z2) = pe(x) + p(1 — e)(x).

Then
ple(z1) + (1 —e)(z2) —e(z) + (1 —€)(x)) =0,

so e(x1) —e(x) = e(y),y € ker(p). Let m: A’ ® B — A’ be the canonical projection. Now,
we have

(mp — pe)(x) = pe(z1) — pe(x) = pe(y) = —(7p — pe)(y).
Thus, z +y € ker(mp — pe), so X = ker(p) + ker(mp — pe). Since ker(p) < X, mp = pe. Let
f=m+he End(M), then
pg =ple+u) = pe +pu=mp+hp=(r+h)p= fp.

That means M is an X' —endomorphism coinvariant module.
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TOM TAT
LGP CAC MODUN DOI BAT BIEN LUY LINH

Dinh Dic Tai U, Dinh Viét Hung 2
L Phong Khoa hoc va Hop tic quoc té, Truong Pai hoc Vinh
2 Truong Trung hoc pho thong Ving Tau
Ngay nhan bai 10/9/2021, ngay nhan dang 26/10/2021

Mot modun duge goi 1a déi bat bién liiy linh néu né bat bién dusi moi ty dong cau liy
linh ctia bao xa anh chinh né. Mot s6 tinh chat ctia 16p modun nay da duge Truong Cong
Quynh, Adel Abyzov va Dinh Dic Tai nghién citu va gidi thiéu trong [8]. Trong bai béo
nay, chiing toi gidi thiéu mot sd két qua khac vé 16p modun nay.

T khéa: D6i bat bién liy linh; bao xa anh; X-(pre) bao.
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