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Tom tit: Bai bao trinh bay phuong phap sir dung ly thuyét tim c6 dién dé tinh
toan tan s6 dao dong riéng caa tam chit nhat bang vat lieu FGM xdp, lién két khop céac
canh dit trén nén dan hoi Winkler. Ba dang phan bé 16 rdng khac nhau: phan b déu,
phan bd khong déu ddi xang va phan bé khong déu bat d6i xting sé duoc khao sat. Do
tin cay cua oi giai giai tich cling nhu chwong trinh tinh duogc viét trén nén Matlab s&
duogc kiém chang voi mot s6 két qua da cong bd va véi két qua tinh bang phan mém
tinh toan két cdu SAP2000. Anh huéng cua cac tham sé vat liéu, kich thudc hinh hoc
cua tam, ciing nhu hé s6 nén dén tan sb dao dong riéng cua tam s& duoc danh gia.

Tir khoa: Phan tich dao dong riéng; vat liégu FGM rdng; nén dan hdi Winkler; ly
thuyét tim c6 dién.

1. Mé dau

Vit liéu FGM (Functionally Graded Material) dugc biét dén nhu 1a mot loai vat
liéu composite thé hé méi c6 cac tinh chat co hoc bién d6i tron va lién tuc theo mot
phuong bat ky trong két cAu. Chinh vi vay sir dung céc két cau bang vat liéu FGM s&
tranh duoc sy bong tach, sy tap trung (ng suat tai bé mit tiép xdc giira cac pha vat liéu,
d1eu thuong xay ra db6i vai vat ligu composite truyén thong Mot trong nhitng phét trién
gan ddy nhit cua loai vat liéu nay Ia vat lisu FGM xdp (functionally graded porous
material - FGPM) ¢6 céc 16 rong phan b theo mot quy luat nhat dinh trong ciu trdc vat
liéu. Puoc xép vao loai vat lidu nhe véi kha nang hap thu nang luong tét, vat liéu FGPM
duoc st dung dé ché tao cac cau kién cach &m, cach nhiét, chiu tai trong va cham trong
két cAu cong trinh nhu ban san, tuong, mai...

Véi nhiéu tng dung quan trong gop phan phét trién linh vuc khoa hoc vat ligu
trong linh vuc k¥ thuat, can c6 nhitng hiéu biét day du vé ung xur co hoc cua vat liéu va
két cadu FGPM. Vi két cdu dam va tam sir dung vat liéu FGPM, mat loat cac cong bd vé
linh vuc nay cho thay su quan tam dang ké cua cac nha khoa hoc trong va ngoai nudc.

Magnucki va cong su [1] da phan tich ang xa udn va 6n dinh cua tim FGPM.
Chen va cong su [2] sir dung phuong phap Ritz dé nghién ctu ang xir udn va 6n dinh dan
hoi cua dam Timoshenko bang vat lisu FGPM. Nghién ctu tiép theo cua cac tac gia nay
vé dao dong riéng va dao dong cudng bic cia dim FGPM dugc cong bé trong [3]. Wu
va cong su [4] khao sat ung xt dong luc hoc cua dam FGPM bang phuong phap phan ti
hitu han (PTHH). Str dung ly thuyét bién dang cit bac ba, Wattanasakulpong va cong sy
[5] dd phan tich dao dong riéng dam PFGM theo tiép can Chebyshev. Jabbari va cong su
[6] da khao sat 6n dinh ciia tim FGPM tron bdo hoa nude trong méi truong nhiét sir dung
ly thuyét tam mong. Trén co so ly thuyét bién dang cét bac ba, Ebrahimi va Sajjad [7]
phan tich tinh va dao dong riéng cua tim FGPM béo hoa nuéc bang phuong phap PTHH.
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Chen va cong su [8] da phan tich tng xtr uén va 6n dinh cua tim FGPM sir dung phuong
phép Chebyshev-Ritz va ly thuyét tim bac nhat. Biang phuong phap chudi Fourier cai
tién (improved Fourier series method), Zhao va cong su [9] dd nghién ctru dao dong
riéng cua tim FGPM véi cac didu kién bién khac nhau trén co so ly thuyét tim bac nhét.
Gao va cong su [10] da phan tich 6n dinh dong phi tuyén dam PFGM véi cac didu kién
bién khac nhau si dung phuong phdp Galerkin va Ruge-Kuta bac bon. Arefi va Meskini
[11] phan tich dao dong riéng cua tam sandwich voi 16p 16i bang vat liéu FGPM va 16p
bé mat bang vat liéu ap dién theo ly thuyét bién dang cat bac cao.

Trong thuc té ky thuat, cac két cau dam va tam lam viéc trén nén dan hoi 1a khé
phd bién nhu cac loai mong, san tang ham... Vi thé phan tich anh huong cua nén dén ung
xtr ctia két cau dong vai trd quan trong. Mehmet va Waleed [12] phan tich dao dong riéng
ciia dam FGM dit trén nén dan hoi Winkler-Pasternak. Hassen va cong su [13] da khao
sat anh huong cua bién dang uén va bién dang cat ngang dén ng xir co hoc cua dam dit
trén nén dan hoi hai hé s6. Fahsi va cong su [14] da danh gia anh huong cua 16 rong dén
g xir udn, dao dong va 6n dinh cia dam FGPM dit trén nén dan hoi theo ly thuyét tua
3D. Tran va cong su [15] st dung phuong phap PTHH tron (edge-based smoothed finite
element method) phan tich dao dong riéng cua tam FGPM dit trén nén dan hf)i Pasternak.
Zenkour va Radwan [16] phan tich Gng xu udn caa tim FGM ¢6 vi bot réng trong moi
truong nhiét, dat trén nén dan hoi. Kaddari va cong su [17] nghién cau tng xir uon va
dao dong riéng cia tim FGPM dit trén nén dan hoi theo ly thuyét twa dan hoi 3D.

Tir cac phan tich tong quan cac nghién ciru vé (g xir co hoc cua két cau sir dung
vt lieu FGM x4p, 6 thé thay rang van con nhing van dé con bo ngo. Muc tiéu bai béo
la thiét 1ap 1oi giai giai tich tinh toan tan sé dao dong riéng cua tim chix nhat FGPM bén
bién twa khop dit trén nén dan hoi Winkler. Trén co s chuong trinh tinh duoc viét trén
nén Matlab, anh huong cua cac tham sé vat liéu (dang phan bé va hé sé 15 rong), tham sé
nén va kich thudc tim dén tan sb dao dong riéng s& duoc khao sét.

2. Mb hinh tam bang vat ligu FGM xép

Xét tim bang vat liéu FGM rdng c6 chiéu dai a, chiéu rong b va chiéu day h. Vat
lieu rong dugc dic trung bai quy luat phan bé 16 rdng trong khong gian vat liéu, 1a ham
cua toa do chiéu day két cau va thudng duoc md ta theo ba dang: phan bé déu (dang 1),
phan bé khong déu dbi xing (dang 2) va phan bé khong déu bat ddi xing (dang 3). Cac
dic trung co hoc cua vat liéu nhu mé dun dan hodi E va G, hé sé Poisson, khéi luong
riéng ciing 12 ham cua toa d6 chiéu day két ciu va dugc mo ta theo cac cong thuc (1), (2),
va (3) [3].
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Hinh 1: Minh hog tam FGM xdp dat trén nén dan hoi Winkler
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(a) Phan bé déu (b) Phan bé ddi xang (c) Phan bé bat dbi xing

Hinh 2: Minh hog sir phan bé vat liéu rong véi cac dang phan bé 16 réng khéc nhau
Dang 1: Phan bé déu
_ 1 1(2 2 V.
(E.G}={E.G}(1-&x); p(2) = pryl=tozi 7= —=—-| —\l-& ——+1]: (1)
0 0

Dang 2: Phan b khong déu dbi xting

{{E(z),e(z)} = {Ei,Gl}{l—eo cos(ﬂ%ﬂ; p(2) = py {1_% "°s(”%m; @)

Dang 3: Phan b khong déu bat d6i xiing
Tl 1wl Tl m)|l. 3
{{E(Z):G(Z)} = {E1,G1}{1_eo COS(EHJFZH' p(2)=p {1_% COS[EH+ZH}’ 3)

trong do SHEN lan luot 12 c4c gia tri 16n nhat cuia mé dun dan hoi kéo - nén, méd dun

G

dan hoi truot va khbi luong riéng; B2 G2 13 cac gia tri nho nhat twong tng. Céc hé s6

rdng % cho mo dun dan hdi va hé sé rang &m cho khéi luong riéng tinh theo cong thirc
eo:1—iz _& e =1-£2-1- 1-e, ()

E G . " P

3. Co sé ly thuyét
3.1. Ly thuyét tédm cé dién
Truong chuyén vi theo thuyét tim c6 dién duoc gia thiét dudi dang [18]

u(x,y,z,t) =us(x,y,t) -z a(;“)’(" V(X Y, 2,t) = Vo (X, ¥, 1) - ‘Z’Vy : 5

W(X, Y, Z,1) =W (X, ¥, 1)

trong do: Up (X, Y, 2,1) . Vo (X, Y, Z,8) . Wo (X, ¥, Z.) 13 cac thanh phan chuyén vi cia diém
trén mat trung binh. ’ 7 )
Céc thanh phan bién dang dugc suy ra tir quan hé chuyeén vi - bién dang
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{8X;€y;7xy}2{5x0;5y0;7xy0}+2{kx;ky;kxy} (6)
trong do
2 2 2
P L S/ VAL S S Lo
X OX : ay : ay OX : 6X2 : oy” . 6X6y

Cac thanh phan &ng suét duoc xac dinh theo dinh luat Hooke

Ox Q: Q, 0 Ex
oy (=|Qr Qp O &y (7)
Oyy 0 0 Qg Yy
Q11=0Q22 =iz)2 Q12 =£)'2V Q66 -_E@
trong do: 1-v= . 1-v= . 2(1+v)
Céc thanh phan noi luc dugc xac dinh tir cac biéu thirc dinh nghia nhu sau:

A1 A, 0|8 | [By By 0|k,

NX
Ny = Aiz Ail 0 gyo + BlZ Bll 0 ky
ny B 0 0 A%G_ gxyo 0 0 BGG kXy
MX _Bll BlZ 0 1] 8Xo D]_]_ D12 0 kX (8)
Myt=|{B, By O |[|i&, +/Dp Dy 0 |1k,
My LLO 0 Belf|s,, 0 0 Dg |k,
trong do
h/2 h/2 h/2 ,
Aj= | Qz By= | Qudz Dy= | Q;z°dz ©)
—h/2 . —h/2 . —h/2

3.2. Hé phwong trinh chuyén dgng theo cac thanh phan chuyén vi
Ap dung nguyén Iy Hamilton, hé phuong trinh cho bai toan dao dong cua tim
trén nén dan hoi Winkler biéu dién dudi dang [18]

a'\‘xera'\'Xy — 0°u, 6NX&/+8NW — 0%V,

x oy a2’ ax oy ° at?

My My My hw, 3% (dPw,  dPw, (10)
5o+ 2 + 5 kwo_lo—2 ) >t ——

OX OXoy oy ot ot° | ox oy

V6i K 12 hé s6 nén dan hdi Winkler, cac md men quén tinh

h/2
{Ig, 1, 1o} = | {1, z, Zz}p(Z)dZ

—h/2
Thay (6) vao (8) sau do thay vao (10) ta nhan dugc hé phuong trinh chuyén dong
theo cac thanh phan chuyén vi
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62 o’y vy *w, o*w,
+ —
A Ay S vy A%[My o | Buge By
3 2
28, 0 W02 _1, 0 u20 _1, d*W,
OXoy ot OX
62 0%u, 0%, 63 o°w
A_L AiZ A —Bn BlZ 2Bgs
axay ox? 8xay 6y oX“oy
2
- Io—aatvz" 1 (11)
3 3 3
B, augo Vg ‘B, 07U, avo +2| By auo 8v0
OX oy? ox? ay oxoy? ® o’ oy 6x6’y
4 4 4 4
Y 0 VZO N 0 VZO Db, 82W0 o*w, _4D,, azwo2
OX oy ox%oy®  ox*oy? ox“oy
2 2 2
—kWO:IOaV;IO—I o 5W0+8V\2/0 N 8 AUy %
ot a?l ox* oy Yot? | ox oy

3.3 Lot gidgi Navier
Xét tim chir nhat voi chiéu dai a, chiéu rong b va chiéu day h, tua khop theo chu
vi nhu hinh 3. Diéu kién bién dugc thé hién dudi dang

wo= My, =0
— i y -
== = = = = I I X
g = -'wrr =0 I I
ull )| ©
| = =M. =0
_______ !- 1] T =
k
Y wo=M,,=0

Hinh 3: Minh hog tam chiz nhdt lién két khép trén chu vi
W, (0, y)=0; W (&, y):O; Wo(X,O)ZO; Wo(x,0) =0
M (0,)=0. My (a,y)=0 My, (x0)=0. M, (xb)=0
_ Theo Navier, ’nghiém chuyér’1 Vi Cua phuonf,g trinh (11) dwoc gia thiét dudi dang
chuoi lugng giac kép nhu’ sau

Up (X, y,t) = umne ' cos ax. smﬂy Vo (X, y,1) = vmne 'sin ax.cos By

Wy (X, Y,t) = W, sin ax.sin By (12)
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_mz 5 _hm

Trong d6 : a : b :'m, n la sd nira budc hinh sin theo phuong x, y; “mn
la tin s6 dao dong riéng tuong tng Vvéi dang dao dong (m, n). Thay céc thanh phan
chuyén vi trong (12), vao hé phuong trinh can bang dong (11) ta nhan dugc hé phuong
trinh

Sy S S my; My My Unn

2
Sy Sy Sy |m @7 My My My, Vin (=

o O O

Sii Sz S My Mg Mg | ) (Wi

trong do
2 2. : 3 2 2. 2 2.
Su=Aa" + A Sy = (A + Ag)af; Sy =-Bya” —Baf” ~2Bgafp”; Sy = A a” + Ay S,
S33= By’ ~ By’ f~ 2By’ B, Sy =k + Dy + Dy ' +2D,0° f° +4Dger*
My =My = lo; My = My = 05 My =—aly; My ==l Mgg = o +1,(a” + %)

JIVEEE
Giai bai todn fim trj riéng ctia phuong trinh 15~ [M]=0
dao d6ng riéng cua tAim bang vat liéu xp dit trén nén dan hdi.

ta nhan duoc tan sb

4. Kiém chitng va khao sat sb
4.1. Vi du kiém chirng

Pé kiém chitng mé hinh 1y thuyét ciing nhu chuong trinh tinh tu viét trén nén
Matlab, tan s dao dong riéng cho tdm chir nhat ding huéng khdng c6 nén dan hdi dugc
tinh toan vai céc thdng sé dau vao veé vat liéu va kich thudc tam cho trén bang 1. Bang 2
trinh bay két qua tinh toan tan s dao dong riéng co ban khong thir nguyén vai céc ti s6
kich thudc b/a khac nhau. Két qua theo nghiém Navier cuia bai bao duoc so séanh véi két
qua cua Reddy [18] va cta phan mém tinh toan két ciu SAP2000, sir dung phan tio
THINPLATE véi luéi chia 100x100.

Bang 1: Cac tham so vt liéu va kich thwéc tam chiz nhdt dang hwéng

h(m) alh b/a E,(N /m?) v &
0.1 100 0.5;1;15;2;25;3 | 2.1x10" 0.33 0
Tan s6 dao dong riéng, hé s6 nén khong thir nguyén cua tim xac dinh theo cong
o 2
a):w'a_z ,0D><h w:KoRi
thac [7]: d 2 a

Két qua trén Bang 2 cho thay rang sai léch giita cac két qua nhan dugc theo
nghiém giai tich cua bai bao so véi két qua caa Reddy va tinh bang SAP 2000 Ia rat it
(sai khac 16n nhat so voi Reddy 13 0.0862%, va so véi SAP 2000 1a 0.0693%). Nhu vay
nghiém giai tich ma bai bao di thiét 1ap cling nhu chuong trinh tinh tu viét trén nén
Matlab la tin cay duoc.
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Béng 2: Tan s6 dao dong tiéng co ban khdng thi: nguyén
cua tam char nhat vat liéu dang huwong

Nguén
b/a | Reddy[7] SAP Bai bao
o f (HZ) ®=27% (raq) ) o
05 4.999 38.286 240.558 4.998 4.999
1.0 2.000 15.312 96.208 1.999 1.999
15 1.444 11.060 69.492 1.443 1.444
2.0 1.250 9.571 60.136 1.249 1.249
2.5 1.160 8.881 55.800 1.159 1.159
3.0 1.111 8.510 53.469 1111 1.111

4.2. Cac khdo sat sé

Trong phan nay, anh hudng cua cac tham 50 vt ligu (dang phan bé 16 rdng, hé sd
rong) tham s6 kich thuéc (ti so b/a) va tham sb6 nén dén tan sé dao dong riéng cua tam

bang vat liéu FGM xdp trén nén dan hoi Winkler s& dugc khao sat cu thé.

4.2.1. Anh hwong cua dang phan bé 16 réng va hé sé mdt dg 16 rong

Tan sb dao dong riéng co ban khéng thir nguyén caa tam chir nhat (b/a = 2; ath =
20; Ko = 10) bang vat lieu FGM xdp vai dang phan b 16 rdng va hé s6 mat do 16 rong
thay d6i duogc trinh bay trong Bang 3. D4 thi biéu dién sy bién thién caa tan sé dao dong
riéng co ban khong thir nguyén theo hé sé mat d6 15 réng véi ba dang phan bo 15 rong
khéac nhau (phé&n bo déu - dang 1; phan bo khong déu doi xting - dang 2; phan bo khong
déu bat ddi xung - dang 3) duoc biéu dién trén Hinh 4.

Bang 3: Tan so dao déng riéng co ban khdng thiz nguyén cia tdm chiz nhait

béng vat lidu x8p véi cac hé sé mét dé 16 réng 0 thay dsi

€ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Dangl | 1254 | 12.35|12.15 | 11.95 | 11.74 | 11.52 | 11.30 | 11.09 | 11.00
Dang2 | 12.71 | 12,71 | 12.73 | 12.78 | 12.85 | 12.97 | 13.16 | 13.48 | 14.10
Dang3 | 12.57 | 1240 | 12.22 | 12.01 | 11.77 | 11.47 | 11.11 | 10.63 | 9.98
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Két qua trén Bang 3 va d6 thi trén Hinh 4 cho thiy mat d6 phan bé 15 rdng 1am
thay dbi tan sb dao dong riéng cua tam. Trong khi tan s6 dao dong riéng ting khi hé sb
rong tang ddi vi phan b6 khong déu doi xing (dang 2) thi doi véi phan bé déu (dang 1)
va khong déu bat doi xung (dang 3) tan s6 dao dong riéng lai giam. Dang phan bé 15 rng
anh huong dang ké dén gié trj tan sb dao dong riéng, h¢ s6 mat do 15 rdng cang lon thi
anh huong cua dang phan b 15 rdng 1én tan s dao dong riéng cua tim FGM xdp cang rd
rét. Khi hé s mat do phan bd 16 rdng bé thi tan sé dao dong riéng cua hai dang 1 va 3 1a
Xap xi nhau.

4.2.2. Anh hwong cua ty sé kich thuéc c&c canh bla

Tan sb dao dong riéng co ban khong thir nguyén cia tm chit nhat (% = 0.5. a/m
= 20; K¢= 10) bang vat liégu FGM xép Véi ty 18 kich thudc b/a thay d6i thé hién trong
Bang 4. Hinh 5 1a d6 thi biéu dién sy bién thién cua tan s6 dao dong riéng co ban khéng
thir nguyén theo ty sé kich thudc cac canh b/a.

Béing 4: Tan s6 dao dong riéng co ban khdng thiz nguyén cua tam chit nhat
bang vat liéu rong vai cac ty so kich thuoc cac canh b/a khac nhau

b/a 0.5 1.0 1.5 2.0 2.5 3.0
Dang 1 44.74 18.24 13.40 11.74 10.97 10.56
Dang 2 49.36 20.07 14.70 12.85 12.00 11.53
Dang 3 44.89 18.30 13.44 11.77 11.00 10.58

—<—— Phan bo deu
—O— Phan bo doi xung
45§ —o— Phan bo bat doi xung

tan so dao dong rieng co ban kin

0.5 1 1.5 2 2.5 3
b/a

Hinh 5: Biéu do biéu dién tan sé dao déng riéng co ban khdng thiz nguyén
cia tam chiz nhdt bang vt liéu rong theo ti sé kich thudc bla

Quan sét két qua trén Bang 4 va db thi trén Hinh 5 ta thay khi ti s6 kich thuéc b/a
tang thi tan s6 dao dong riéng co ban khdng thir nguyén cua tim FGM xdp giam. Su thay
dbi tan s6 1a cing xu thé voi ca ba dang phan b6 16 rdng. Tan sb dao dong riéng cua hai
dang phan b 15 rdng: phan bb déu va phan bd khong déu bat dbi xing co sai léch khdng
dang ké.

4.2.3. Anh hirong cuia hé sé nén

Tan s6 dao dong riéng co ban khong thir nguyén cua tam chit nhat (b/a = 2; a/h =
20; e = 0.5) voi cac dang phan bé 16 rdng va hé sé nén khdng thi nguyén thay ddi duoc
trinh bay trén Bang . Tan S0 dao dong riéng co ban khong thir nguyén caa tim chit nhat
bién thién theo hé s6 nén khéng thir nguyén biéu dién bang do thi trén Hinh 6.

Nhu thuc té k§ thuat, két qua nhan duoc cho thiy khi cua do cung nén cang
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cao (hé s nén khong thtr nguyén tang) thi tan sé dao dong riéng caa tim FGM xép
cang tang.

Béng 5: Tan s6 dao djng riéng co ban khdng thi: nguyén cua tam chiz nhat
(b/a = 2; a/lh = 20; eo = 0,5) vai cac hé so nén khdng thi nguyén khac nhau

Ko 0 10 20 30 50 60 80 100
Dangl | 11.19 | 11.73 | 1225 | 1275 | 13.23 | 13.69 | 14.13 | 1457
Dang?2 | 1236 | 1284 | 13.31 | 13.76 | 1420 | 14.63 | 15.04 | 15.44
Dang3 | 11.23 | 11.76 | 1227 | 12,76 | 13.23 | 13.69 | 14.13 | 14.56
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=0 Phan bo bat doi xung
! . |

Tan so dao dong rieng khong thu nguyen

L . . L . .
0 10 20 30 40 50 60 70 80 90 100

Hinh 6: Bién thién tan sé dao dong riéng co ban khong thiz nguyén
cua tam chiz nhdt vdt liéu rong theo hé so nén khéng thiz nguyén

5. Két luan

Trén co s ly thuyét tim cb dién, bai bao sir dung dang nghiém Navier dé tinh
toan tan sé dao dong riéng cua tim mong bang vat lisu FGM xdp dit trén nén dan hoi
Winkler. Két qua cho thay sy anh huéng rd rét cua ba dang phan bé 16 rong: déu, khong
déu d6i xung va khong déu bat ddi xang cling nhu hé sé mat do 15 rong dén tan sé dao
dong riéng khong thir nguyén dugc 1am rd qua céc vi du sb. Bén canh dé, anh hudng caa
hé s6 nén va tham sé kich thudc tam ciing dugc phan tich chi tiét. Cac nhan xét trén khia
canh ky thuat thu duoc s& 1a ngudn tham khao hitu ich cho cdng tac thiét ké, thi cong va
bao tri cac két cau st dung vat lisu FGM x4p.

TAI LIEU THAM KHAO

[1] K. Magnucki, M. Malinowski, and J. Kasprzak, “Bending and buckling of a rectangular
porous plate,” Steel and Composite Structures, Vol. 6, No. 4, pp. 319-333, 2006.

[2] D. Chen, J. Yang, and S. Kitipornchai, “Elastic buckling and static bending of shear
deformable functionally graded porous beam,” Composite Structures, Vol. 133, pp. 54-61,
2015.

74



Truong Dai hoc Vinh Tap chi khoa hoc, Tdp 50 - Sé 3A/2021, tr. 66-76

[3] D. Chen, J. Yang, and S. Kitipornchai, “Free and forced vibrations of shear deformable
functionally graded porous beams,” International journal of mechanical sciences, Vol. 108,
pp. 14-22, 2016.

[4] D. Wu, A. Liu, Y. Huang, Y. Huang, Y. Pi, and W. Gao, “Dynamic analysis of functionally
graded porous structures through finite element analysis,” Engineering Structures, Vol. 165,
pp. 287-301, 2018.

[5] N. Wattanasakulpong, A. Chaikittiratana, and S. Pornpeerakeat, “Chebyshev collocation
approach for vibration analysis of functionally graded porous beams based on third-order
shear deformation theory,” Acta Mechanica Sinica, Vol. 34, No. 6, pp. 1124-1135, 2018.

[6] M. Jabbari, M. Hashemitaheri, A. Mojahedin, and M. Eslami, “Thermal buckling analysis of
functionally graded thin circular plate made of saturated porous materials,” Journal of
thermal stresses, Vol. 37, No. 2, pp. 202-220, 2014.

[7] F. Ebrahimi and S. Habibi, “Deflection and vibration analysis of higher-order shear
deformable compositionally graded porous plate,” Steel Compos. Struct, Vol. 20, No. 1, pp.
205-225, 2016.

[8] D. Chen, J. Yang, and S. Kitipornchai, “Buckling and bending analyses of a novel
functionally graded porous plate using Chebyshev-Ritz method,” Archives of Civil and
Mechanical Engineering, Vol. 19, No. 1, pp. 157-170, 2019.

[9] J. Zhao, Q. Wang, X. Deng, K. Choe, R. Zhong, and C. Shuai, “Free vibrations of
functionally graded porous rectangular plate with uniform elastic boundary conditions,”
Composites Part B: Engineering, Vol. 168, pp. 106-120, 2019.

[10] K. Gao, Q. Huang, S. Kitipornchai, and J. Yang, “Nonlinear dynamic buckling of
functionally graded porous beams,” Mechanics of Advanced Materials and Structures, pp.
1-12, 20109.

[11] M. Arefi and M. Meskini, “Application of hyperbolic shear deformation theory to free
vibration analysis of functionally graded porous plate with piezoelectric face-sheets,”
Structural Engineering and Mechanics, Vol. 71, No. 5, pp. 459-467, 2019.

[12] M. Avcar and W. K. M. Mohammed, “Free vibration of functionally graded beams resting
on Winkler-Pasternak foundation,” Arabian Journal of Geosciences, Vol. 11, No. 10, p.
232, 2018.

[13] H. A. Atmane, A. Tounsi, and F. Bernard, “Effect of thickness stretching and porosity on
mechanical response of a functionally graded beams resting on elastic foundations,”
International Journal of Mechanics and Materials in Design, Vol. 13, No. 1, pp. 71-84,
2017.

[14] B. Fahsi, R. B. Bouiadjra, A. Mahmoudi, S. Benyoucef, and A. Tounsi, “Assessing the
Effects of Porosity on the Bending, Buckling, and Vibrations of Functionally Graded Beams
Resting on an Elastic Foundation by Using a New Refined Quasi-3D Theory,” Mechanics of
Composite Materials, Vol. 55, No. 2, pp. 219-230, 2019.

[15] T. T. Tran, Q.-H. Pham, and T. Nguyen-Thoi, “An Edge-Based Smoothed Finite Element
for Free Vibration Analysis of Functionally Graded Porous (FGP) Plates on Elastic
Foundation Taking into Mass (EFTIM),” Mathematical Problems in Engineering, Vol.
2020, 2020.

[16] A. Zenkour and A. Radwan, “Bending response of FG plates resting on elastic foundations
in hygrothermal environment with porosities,” Composite Structures, Vol. 213, pp. 133-143,
20109.

75



P. X. Thuc, N. T. Quynh / Phdn tich dao déng riéng cua tam chiz nhat bang vt liéu FGM..

[17] M. Kaddari et al., “A study on the structural behaviour of functionally graded porous plates
on elastic foundation using a new quasi-3D model: Bending and free vibration analysis,”
Computers and Concrete, Vol. 25, No. 1, pp. 37-57, 2020.

[18] J. N. Reddy, Theory and analysis of elastic plates and shells. CRC press, 2006.

SUMMARY

FREE OSCILLATION ANALYSIS OF RECTANGULAR PLATE
OF POROUS FGM MATERIAL PLACED
ON A WINKLER ELASTIC BASE BY ANALYTICAL METHOD

Phan Xuan Thuc, Nguyen Thi Quynh
Department of Construction, Vinh University
Received on 16/6/2021, accepted for publication on 8/9/2021

In this paper, classical plate theory is used to analyse free oscillation of rectangular plates
made of porous FGM material, edge joints on Winkler elastic base. Three different types of pore
distribution: uniform distribution, symmetric irregular distribution and asymmetrical irregular
distribution are investigated. The reliability of the analytical solution as well as the calculation
program written on Matlab are verified with some published results and with the results
calculated by the SAP2000 structural calculation software. The influence of the material
parameters, the geometrical dimensions of the plate, as well as the background coefficient on the
free oscillation frequency of the plate are evaluated.

Keyword: Free oscillation analysis; porous FGM material; Winkler elastic base; classical
plate theory.
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